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Abstract 

In [6], Belishev and Sharafutdinov consider a compact Riemannian manifold M with bound- 
ary dM. They define a generalized Dirichlet to Neumann (DN) operator A on all forms on the 
boundary and they prove that the real additive de Rham cohomology structure of the manifold in 
question is completely determined by A. This shows that the DN map A inscribes into the list 
of objects of algebraic topology. In this paper, we suppose G is a torus acting by isometries on 
M. Given X in the Lie algebra of G and the corresponding vector field Xm on M, one defines 
Witten's inhomogeneous coboundary operator dx M — d + 1% M on invariant forms on M. The main 
purpose is to adapt Belishev and Sharafutdinov's boundary data to invariant forms in terms of the 
operator dx M and its adjoint dx M - In other words, we define an operator Ax M on invariant forms 
on the boundary which we call the Xm-DN map and using this we recover the long exact Xm- 
cohomology sequence of the topological pair (M, dM) from an isomorphism with the long exact 
sequence formed from our boundary data. We then show that Ax M completely determines the free 
part of the relative and absolute equivariant cohomology groups of M when the set of zeros of 
the corresponding vector field Xm is equal to the fixed point set F for the G-action. In addition, 
we partially determine the mixed cup product (the ring structure) of XM-cohomology groups from 
Ax M ■ These results explain to what extent the equivariant topology of the manifold in question is 
determined by the X^-DN map Ax M . Finally, we illustrate the connection between Belishev and 
Sharafutdinov's boundary data on dF and ours on dM. 
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1 Introduction 

The classical Dirichlet-to-Neumann (DN) operator A c/ : C°°(3M) — > C°°(dM) is defined by A c/ 8 = 
3co/3v, where go is the solution to the Dirichlet problem 

Aro = 0, (o| 9M =8 

and v is the unit outer normal to the boundary. In the scope of inverse problems of reconstructing a 
manifold from the boundary measurements, the following question is of great theoretical and applied 
interest [6]: 

"To what extent are the topology and geometry of M determined by the Dirichlet-to-Neumann 
map " ? 

In this paper we are interested in the topology aspect while the geometry aspect of the above 
question has been studied in [12] and [10]. 
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Much effort has been made to answer the topology aspect of this question. For instance, in the case 
of a two-dimensional manifold M with a connected boundary, an explicit formula is obtained which 
expresses the Euler characteristic of M in terms of A c / where the Euler characteristic completely 
determines the topology of M in this case [5]. In the three-dimensional case [4], some formulas are 
obtained which express the Betti numbers [3i (M) and $2{M) in terms of A c ; and A : C°°(T(dM)) — > 
C°°(r(3M)). 

For more topological aspects, Belishev and Sharafutdinov [6] prove that the real additive de Rham 
cohomology of a compact, connected, oriented smooth Riemannian manifold M of dimension n with 
boundary is completely determined by its boundary data (dM, A) where A : Q. k (dM) — > Q! x ~ k ~ l (dM) 
is a generalization of the classical Dirichlet-to-Neumann operator A c i to the space of differential 
forms. More precisely, they define the DN operator A as follows [6]: given 6 G Cl k (dM), the boundary 
value problem 

Aco = 0, fco = 6, f(8co) = 
is solvable and the operator A is given by the formula 

A0 = i* (*d(o) 

where i* is the pullback by the inclusion map i : dM M. Here 8 is the formal adjoint of d relative 
to the L 2 -inner product 

(a,P)= f aA(*P) 
Jm 

which is defined on Q. k (M), and * : Q. k — > Q n ~ k is the Hodge star operator. 

More concretely, there are two distinguished finite dimensional subspaces of T~L k (M) = kerd PI 
ker8, whose elements are called Dirichlet and Neumann harmonic fields respectively, namely 

U k D (M) = {Xe U k (M) | i*X = 0}, U k N {M) = {X € H k (M) | f *X = 0}. 

The dimensions of these spaces are given by 

dimH k D (M) = AimU n N k {M) = fa(M) 

where P^(M) is the kth Betti number [14] . They prove the following theorem 

Theorem 1.1 (Belishev-Sharafutdinov [6]) For any 0<k<n-l,the range of the operator 

A+ (-l^+^dA^d : Q. k (dM) — > a n - k -\dM) 

is i*U n N k -\M). 

But i*'H l ^{M) = Ti k N {M) =H k (M). Hence, (A+ (—\) nk+k+l dA~ l d)Q. n ~ k ~ l (dM) = H k (M) = 'H k ^{M). 
Using, Poincare-Lefscetz duality, H k (M) = H n ~ k (M,dM). So the above theorem immediately implies 
that the data (dM, A) determines the absolute and relative de Rham cohomology groups. 

In addition, they present the following theorem which gives the lower bound for the Betti numbers 
of the manifold M through the DN operator A. 

Theorem 1.2 (Belishev-Sharafutdinov [6]) The kernel kerA contains the space £ k (dM) of exact 
forms and 

dim[keTA k /£ k (dM)] < min{$ k (dM),$ k (M)} 
where P#(3M) and P*(M) are the Betti numbers, and A k is the restriction of A to Q. k (dM). 
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But at the end of their paper, they posed the following topological open problem: 
"Can the multiplicative structure of cohomologies be recovered from our data (dM,A)?". 
In 2009, Shonkwiler in [16] gave a partial answer to the above question. He presents a well- 
defined map which is 

(<t>,y) •— ►Aft-l^AA-V), V(ty,y)ei*H k N (M)xi**H l D (M) (1.1) 

and then uses it to give a partial answer to that question. More precisely, by using the classical wedge 
product between the differential forms, he considers the mixed cup product between the absolute 
cohomology H k (M,M) and the relative cohomology H l (M,dM,R), i.e. 

U : H k (M,R) x H l (M,dM,R) — > H k+l (M,dM,R) 

and then he restricts H l (M,dM,M.) to come from the boundary subspace which is defined by DeTurck 
and Gluck [8] as the subspace of exact forms which satisfy the Dirichlet boundary condition (i.e. i* of 
these exact forms are zero) and then he presents the following theorem as a partial answer to Belishev 
and Sharafutdinov's question: 

Theorem 1.3 (Shonkwiler [16]) The boundary data (dM,A) completely determines the mixed cup 
product in terms of the map (1.1) when the relative cohomology class is restricted to come from the 
boundary subspace. 

From another hand, in [1], we consider a compact, oriented, smooth Riemannian manifold M 
with boundary and we suppose G is a torus acting by isometries on M and denote by Cl k G the &-forms 
invarient under action of G. Given X in the Lie algebra of G and corresponding vector field Xm on M, 
we consider Witten's coboundary operator dx M = d +lx M - This operator is no longer homogeneous in 
the degree of the smooth invariant form on M: if go G Cl k G then dx M a> G ©Qg -1 . Note then that 
dx M '■ — > &q, where Q.^ is the space of invariant forms of even (+) or odd (— ) degree. Let 8x M 
be the adjoint of dx M and the resulting Witten-Hodge-Laplacian is Ax M = (dx M + 5x M ) 2 = dx M 8x M + 
5x M dx M - 

Because the forms are invariant, it is easy to see that d Xu = (see [1] for details). In this setting, 
we define two types of XM-cohomology, the absolute XM-cohomology H Xm (M) and the relative Xm- 
cohomology H x z u (M ,dM). The first is the cohomology of the complex (Q.g, ^x m ), while the second is 
the cohomology of the subcomplex (Qg,d, ^x m ), where GO G Qq D if it satisfies i*(0 = (the D is for 
Dirichlet boundary condition). One also defines Q^(M) = joc G £^(M) | j*(*cc) = 0} (Neumann 
boundary condition). Clearly, the Hodge star provides an isomorphism 

* • G,D f i4 G,iV 

where we write n — ± for the parity (modulo 2) resulting from subtracting an even/odd number from n. 
Furthermore, because dx M and i* commute, it follows that dx M preserves Dirichlet boundary conditions 
while 8x M preserves Neumann boundary conditions. Because of boundary terms, the null space of 
Ax M no longer coincides with the closed and co-closed forms in Witten sense. Elements of ker Ax M are 
called Xm -harmonic forms while go which satisfy dx M G0 = 8x M G0 = are Xm -harmonic fields (following 
[1]); it is clear that every X^-harmonic field is an X^-harmonic form, but the converse is false. The 
space of X^-harmonic fields is denoted "Hx M (M) (so Ti XM {M) C kerAx M ). In fact, the space Hx M (M) 
is infinite dimensional and so is much too big to represent the XM-cohomology, hence, we restrict 
7i^ M (M) into each of two finite dimensional subspaces, namely 7i^ M D (M) and T~Lx m n(M) with the 
obvious meanings (Dirichlet and Neumann ZM-harmonic fields, respectively). There are therefore two 
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different candidates for A^-harmonic representatives when the boundary is present. This construction 
firstly leads us to present the X^-Hodge-Moirey decomposition theorem which states that 

where £x M ( M ) = {dx M u j oc G O^} and C^ u (M) = {8x M P | P £ Q^}. This decomposition is or- 
thogonal with respect to the L 2 -inner product given above. 

In addition, in [1] we present XM-Friedrichs Decomposition Theorem which states that 

= n± M , D (M)®H± MiC0 (M) (1.3) 
nt M {M) = H^ N (M)®H^ ex (M) (1.4) 

where Hf M , ex (M) = & G U%{M) \ % = d XM a} and H| M;C0 (M) = {t] G U± m {M) \ x\ = 5 Xu a}. These 
give the orthogonal XM-Hodge-Morrey-Friedrichs [1] decompositions, 

a U M ) = £t(M)®Ci M (M)®H± MiD (M)®H± MiC0 (M) 

= £U M )® C U M )® n t,N{M)®U± M ^{M) (1.5) 

The two decompositions are related by the Hodge star operator. The orthogonality of (1.2-1.5) follows 
from Green's formula for dx M and 8x M of [1] which states 

(dx Af a,P) = (a,8z M P)+ f i*(ccA*P) (1.6) 

for all a, P G £2g- 

The consequence for XM-cohomology is that each class in (M) is represented by a unique 
X^-harmonic field in T~L XmN (M), and each relative class in H x z m (M ,dM) is represented by a unique 
X^-harmonic field in T~ix M D^M)- We a l so elucidate the connection between the XM-cohomology 
groups and the relative and absolute equivariant cohomology groups. 

Our construction of the XM-Hodge-Morrey-Friedrichs decompositions (1.5) of smooth invariant 
differential forms gives us insight to create boundary data which is a generalization of Belishev and 
Sharafutdinov's boundary data on Q^(3M). 

In this paper, we take a more topological approach, looking to determine the XM-cohomology 
groups and the free part of the equivariant cohomology groups from the generalized boundary data. 
To this end, we need first in section 2 to prove that our concrete realizations H Xm n(M) and %x M d(M) 
of the absolute and relative XM-cohomology groups respectively meet only at the origin while in 
section 3 we define the X^-DN operator Ax M on Q G (3M), the definition involves showing that certain 
boundary value problems are solvable. Our definition of Ax M represents a generalization of Belishev 
and Sharafutdinov's DN-operator A on Q.^, (dM) in the sense that when Xm = 0, we would get Ao = A. 
Finally, in the remaining sections, we explain to what extent the equivariant topology of the manifold 
in question is determined by the Z^-DN map Ax M . 

2 Main results 

We consider a compact, connected, oriented, smooth Riemannian manifold M with boundary and we 
suppose G is a torus acting by isometries on M. Given X in the Lie algebra and corresponding vector 
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field Xm on M, one defines Witten's inhomogeneous coboundary operator dx M = d + lx M '■ — * 
and the resulting X^-harmonic fields and forms as described in the introduction. 
We introduce the following definitions of the ^M-trace spaces 

i*^x M (M) = {fX [ X G H| M (M)}, fW^M) = | X N G W^W>- 

we call i*Hx M n(M) the Neumann X^-trace space. 

Remark 2.1 Along the boundary of M, any smooth differential form go has a natural decomposition 
into tangential ( Uti ) and normal( woo ) components, i.e. 

GO \dM = t(ti + nO) 

and the tangential component t(0 is uniquely determined by the pull-back /*oo and it has been denoted 
in a slight abuse of notation by /* go = i*t(0 = t(0. The normal and tangential components of go are 
Hodge adjoint to each other [14], i.e. 

*(«co) = t(-k(o) = i* *oo. 

In order to prove Theorem 2.3, we will use the strong unique continuation theorem, due to Aron- 
szajn [2], Aronszajn, Krzywicki and Szarski [3]. In [11], Kazdan writes this theorem in terms of 
Laplacian operator A but he mentions that it is still valid for any operator having the diagonal form 
P = AI+ lower-order terms, where / is the identity matrix. Hence, one can state this theorem in terms 
of diagonal form operator by the following form: 

Theorem 2.2 (Strong Unique Continuation Theorem [11]) Let M be a Riemannian manifold with 
Lipschitz continuous metric, and let (tibe a differential form having first derivatives in L 2 that satisfies 
P(co) = where P is a diagonal form operator. Ifo) has a zero of infinite order at some point in M, 
then co is identically zero on M. 

Now, we are ready to present our main results. 

Theorem 2.3 Let M be a compact, connected, oriented smooth Riemannian manifold of dimension n 
with boundary and with an action of a torus G which acts by isometries on M. If an XM-harmonic 
field X G T~ix M (^0 van i snes on me boundary dM, then X = 0, i.e. 

«^Wn^W = {0} (2.1) 

PROOF: Suppose X G ~Hx m ,n( m ) n ^x M ,z)( M )> tnen ^ is smooth by theorem 3.4(c) of [1]. Since 
i*X = i* *X = then remark 2. 1 asserts that tX = nX = 0. Hence X \sm= an d we get that (lx M X) \sm= 
as well. 

The proof is local so we can consider M to be the upper half space in W with dM = R" _1 . Since 
the metric, the differential form X and the vector field Xm are given in the upper half space, we can 
extend them from there to all of W by reflection in dM = W^ 1 . The resulting objects are: the extended 
metric, which will be Lipschitz continuous [7] ; we extend X to all of W by making it odd with respect 
to reflection in and extend Xm to all of W by making it even with respect to reflection in R" -1 
and extended Xm will be a Lipschitz continuous vector field. But the original X satisfies X \^m= an d 
dx M X = §x M X = on R" -1 , hence the extended one will be of class C 1 and satisfy dx M X = §x M X = 
on R", i.e. the extended X satisfies P(X) = Ax M X = on all of R" where the operator Ax M has diagonal 
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form, i.e. P = Ax M = AI+ lower-order terms, and I is the identity matrix. So far, we satisfy the first 
condition of theorem 2.2. 

Now, we need to satisfy the remaining hypotheses of theorem 2.2. Letx = (x?,x n ) = (jci,jc2, ...,*„_ i , 
be a coordinates chart where xf = (xi,X2, ■■■,x n -i) is a chart on the boundary dM and x n is the distance 
to the boundary. In these coordinates x n > in M and dM is locally characterized by x n = 0. These 
coordinates are called boundary normal coordinates and the Riemannian metric in these coordinates 
has the form Y? m }=\ h m , r {x)dx m <g> dx r + dx"® dx" . 

Now, we consider a neighborhood of p G dM where our boundary normal coordinates are well de- 
fined. We can write X = a + P A dx n where a = Lfj(x)dx I , [3 = Lgj(x)dx I and I C {1,2, ...,n— 1}. Our 
goal is to prove that all the partial derivatives of the coefficients of X (i.e. fi(x) and gi(x)) vanish at 
p e dM. Now, X \dM= which implies that //(*', 0) = gj(x',0) = 0. Hence, we can apply Hadamard's 
lemma to fj(x) and gj(x) and deduce that fj{x) = x n fi(x) and gj(x) = x n gj(x) for some smooth func- 
tions fj(x) and gj(x). Moreover, these representations for fj(x) and gi(x) help us to conclude that all 
the higher partial derivatives of fi(x) and gi(x) with respect to the coordinates of xf (i.e. except the 
normal direction coordinate x n ) at the point p are all zero. i.e. 

apt| = sps = ' v,!^,...,^ = 0,1,2,... 

Therefore, we only need to prove that all the higher partial derivatives of fi(x) and gj(x) in the 
normal direction are zero to deduce that the Taylor series of fi(x) and gi(x) around x n = are zero. 

For contradiction, suppose the Taylor series of fi(x) and gj(x) around x n = are not zero at p <G dM 
which means that there exist the largest positive integer numbers k and j such that fj(x) = x^fj(x) and 
gi(x) = x } n gj(x) where //(x',0) / and gj{x' ,0) / for some 7,7. Thus, we can always write X in the 
following form X = x^T+x } n p Adx n where the differential forms x and p do not contain dx n . Applying 
d Xu X = 0, we get 

= dx M X = Jcx k n ~ l dx n AX + x k n dx + x } n dpA dx n + x%1 Xm X + x j n \ Xu (p A dx n ) . 

Now, reducing this equation modulo x k n we conclude that the term x J n (dp A dx n + ix M (p A dx n ) ) ^ 
modulo because the term kx k ~ l dx n A X ^ modulo x^ and as a consequence, we infer that k > j. 

Similarly, we can calculate &x M X = —(^) n (*d-kX + -klx M *X) = ( using the Riemannian metric 
above). For simplicity, it is enough to calculate d*X + \x M *X = where *k = x k n ^ Adx n + xj r C, such 
that the differential forms ^ and C, do not contain dx n and both of them should contain many of the 
coefficients h ms (x). Hence, we get 

= d * X + X Xm * X = xf,<f ^ A dx n + jx/ { ~ 1 <f x„ A £ + x/,<i ^ + x^Xm A ^ ) + 4 l x M C • 

Reducing this equation modulo x J n and for the same reason above but replacing k by j, then we 
can infer that k < j, but this is a contradiction, then there are not such largest positive integer numbers 
k and j. Hence, the Taylor series for the coefficients fj(x) and gj(x) around x n = must be zero at 
p G dM , i.e. 

d r Mx>,0) _ d r gI (x',0) 



dxL dx r „ 



0, Vr = 0,1,2,.. 



It means that all the higher partial derivatives of fi(x) and gj(x) we have already considered vanish 
at all points of the boundary dM. Thus, this facts are enough to show the mixed partial derivatives 
including x n also vanish at the boundary. Hence, X has a zero of infinite order at p £ dM. 
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The remaining possibility of one of the the coefficients // and gi having finite order and the other 
infinite order in x n follows from the same argument as above. 

Thus, X satisfies all the hypotheses of the strong Unique Continuation Theorem 2.2 then X must 
be zero on all of MP. Since M is assumed to be connected, X must be identically zero on all of M, i.e. 
A, = 0. □ 

As a consequence of Theorem 2.3, we obtain the following results. 

Corollary 2.4 

Ut(M) = n^ x (M) + n^ C0 (M) (2.2) 

where " + " is not direct sum. 

PROOF: The X M -Friedrichs Decomposition Theorem (1.3 and 1.4) shows that ("H| M . Z) (M)) ± n 
H^M) = n± M!C0 (M) and (H± MiN (M))^ nH± M (M) = %^{M). Hence, using these facts together 
with Theorem 2.3, we conclude eq.(2.2.) □ 

Corollary 2.5 The trace map i* : H Xm n^M) — ^ n(M) defines an isomorphism. 

PROOF: It is clear that i* is surjective and we can use theorem 2.3 to prove the kernel of the linear 
map i* is zero (i.e. kerf = {0}) which implies that i* is injective. Thus, i* is bijection. □ 

Corollary 2.6 1- The map f : i*U^ M . N {M) — > H$ M (M) defined by f(i*X N ) = [X N ]for X N G H^ N {M) 
is an isomorphism. 

2- The map h : i*Hx~%(M) — ► H± m (M, dM) defined by h(i*X N ) = [*X N ] for X N G ^ M ^( M ) " 
an isomorphism. 

Proof: 

1- / is a well-defined map because kerf = {0} (corollary 2.5). Furthermore, / is a bijection 
because there exists a unique Neumann XM-harmonic field in any absolute Xm- cohomology 
class (Theorem 3.16(a) of [1]) hence part (1) holds. 

2- It follows from part (1) by using XM-Poincare-Lefschetz duality (Theorem 3.16(c) of [1]). 

n 

Corollary 2.7 Aim{%^ N {M)) = dim(i*n^ N (M)) = dim(H^(M)) = dim(/^ M ± (M,3M)). 

In fact, it is worth saying that our paper [1] (in particular, the relation between the XM-cohomology 
and X^-harmonic fields) can be used to recover most of the results in chapter three of [14] on Qq(M) 
but in terms of the operators dx M , 5x M and Ax M . In this paper we will need the following theorem 
which can be proved by using the ZM-Hodge-Morrey-Friedrichs decompositions (1.5). 

Theorem 2.8 Let M be a compact, oriented smooth Riemannian manifold of dimension n with bound- 
ary and with an action of a torus G which acts by isometries on M. Given X,p G Qg(M) and 
X|/ G Q.q (dM), the boundary value problem 
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dx M (0 = x and 5 Xm ® = P on M 

i*(0 = \\f on dM (2.3) 

is solvable for GO G Q G (M) if and only if the data obey the integrability conditions 

5 XmP = 0, <p,K)=0, Vkg^(M) (2.4) 

and 

^z M X = 0, i*% = d Xu y, (X, k) = f \|/ A j* *k, Vk g D (M) (2.5) 
77ze solution ofeq.(2.3) is unique up to arbitrary Dirichlet Xm- harmonic fields K G 7~1-x mD (M) 

Proof: The proof is analogous to the proof of theorem 3.2.5 of [14] but in terms of the operators 
dx M and 8 Xm ■ □ 

Lemma 2.9 

where £^ M (dM) = {dx M a\ae ^( dM )} 

Proof: We first prove that, i*Ux u (M) C S^ M (dM) + fH^^ (M) . 

Suppose X G Hx M (M) then the XM-Friedrichs Decomposition theorem (1.4) implies that 

X = dx M a + X N G H^(M) ©H| M;ex (M) 

Hence, 



fX, = dx M i*a + i*X N . 



c 



Conversely, it is clear that i*W-x M jf( M ) Q i*^-x M { M )- So ' we onr y need to P rove that £^ M (dM) 
fHx M {M). Suppose, r\ = dx M ct G (dM) then r\ satisfies 

d Xu r\ = 0, [ d XM aAi**K = 0, VkgH£~(M) (2.7) 

Clearly, theorem 2.8 asserts that the condition (2.7) is a necessary and sufficient condition for the 
existence of X G %x M ( M ) sucn tnat 'H = ? *^- a 

Remark 2.10 In [1], we define the spaces 

?Cco W = ft G ^! M (M) | t, = 5x M oc}, K| M;ex (M) = G H+ M (M) | § = </ Xm g} 

and our proof of the XM-Friedrichs Decomposition Theorem (1.3 and 1.4) shows that the differential 
forms a and a can be chosen to be A^-closed (i.e. dx M Oi = ) and XM-coclosed (i.e. 8x M CT = 0) 
respectively and in both cases a and a should be X M -harmonic forms (i.e. A Xm cc = Ax M CJ = 0). This 
observation will be used in section 4. 
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3 Xm-DN operator 



Before defining this operator, we first need to prove the solvability of a certain boundary value problem 
BVP (3.1) which is shown in theorem 3.1. This theorem represents the keystone to define the Xw-DN 
operator and then to exploiting a connection between this X^-DN operator and Xw-cohomology via 
the Neumann X M -trace space i*%x u n(M). 

Theorem 3.1 Let M be a compact, oriented smooth Riemannian manifold of dimension n with bound- 
ary and with an action of a torus G which acts by isometries on M. Given 9 G Q^j (dM) and 
r\ G flg(M), then the BVP 

A Xm co = r| on M 
fco = on dM (3.1) 
k ?'*(6x M C0) = on dM. 

is solvable for CO G £Iq(M) if and only if 

(T1,K D )=0, Vk d gH| M;D (M) (3.2) 

The solution of B VP (3. 1) is unique up to an arbitrary Dirichlet XM-harmonic field ?ix M D (M) . 

PROOF: Suppose eq.(3.1) has a solution then one can easily show that the condition (3.2) holds by 
using Green's formula (1.6). 

Now, suppose the condition (r|, K^} = 0, Vk d G %x m d(^0 * s gi ven (i- e - r \ G ^oW 1 )• 
Since 6 G Q^(3M), we can construct an extension C0i G £Iq(M) of the differential form 6 G Q.Q(dM) 
such that 

f CO! = 6, CO! = 8x M p mi +K G C±,(Af) ®n%{M). 

But A Xm C0i = hx M dx M hx M ^ Wl , then (1.6) implies that A Xm C0i G 'Hx M) d( m )~ L as welL Hence, r\ - 
Ax M C0i G 'rlx M D^M) L - We now a PPly proposition 3.8 of [1] which for smooth invariant forms states 
that for each ff G 'Hx m ,d(M) ± there is a unique smooth differential form to G ilg„n Tix M d^M) 1 " sat " 
isfying the BVP (3.1) but with r\ = ff and 8 = 0. Since r\ — Ax M C0i G ^oW 1 is smooth, it follows 
from this there is a unique smooth differential form CO2 G Q.Q D n'Hx M dC^0 X which satisfies the BVP 

A Xm co 2 = r|-Ax M coi on M 
fco 2 = on dM (3.3) 
k i*(dx M (02) = on dM. 

Now, let CO2 = CO — COi, then the BVP (3.3) turns into the BVP (3.1). Hence, there exists a solution 
to the BVP (3.1) which is CO = COi +CO2, where the uniqueness of CO is up to an arbitrary Dirichlet 
XM-harmonic fields. □ 



Definition 3.2 (X M -DN operator A Xm ) Let M be the manifold in question. We consider the BVP (3.1) 
with r) = 0, i.e. 

A Xm co = on M 
fco = on dM (3.4) 
k /*(5 Xm co) = on dM 

then the BVP (3.4) is solvable and the solution is unique up to an arbitrary Dirichlet XM-harmonic 
field Kj) G^f MD (M) (Theorem 3.1). We can therefore define the X^-DN operator Ax M :Q^(3M) — ► 
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Q. n ~ (T) (dM) by 

A XM e = i*(*dx M (»). 

Note that taking dx M iO eliminates the ambiguity in the choice of the solution go which means Ax M Q is 
well defined. 

In the case of Xm = 0, the definition (3.2) reduces to the definition of Belishev and Sharafutdinov's 
DN-operator A [6]. 

The remainder of our results in this section are slightly the analogues of the results in [6]. 

Lemma 3.3 Let oo G &%{M) be a solution to the BVP (3.4) where 8 € £2q(3M) is given. Then dx M d> G 
n^ M (M) anddx M (i> = 0. 

PROOF: Since dx M commutes with i* and A Xm then the BVP (3.4) and A Xm Q = i*(*dx M Q>) shows 
that d Xu (0 solves the BVP 

Ax M d XM ® = 0, i*(*4 M co) = 0, i*(dx M d XM (o) = 0. 

But proposition 3.2(4) of [1] implies that dx M (Q G %x M ( M )- 

Since dx M iO G Ti^ M (M), one can easily verify that dx M 8x M oo = —8x M dx M 0) = and 8| M G0 = which 
means that 8x M oo G %x M C0 (M) but the second condition (i.e. i*(dx M (£>) = ) of the BVP (3.4) gives 
that 8 Xm (0 G n^ M D (M). Using (1.3), this then implies that 5 Xm (0 G n^ MiD (M)nn^ MiC0 (M) = {0}, i.e. 
8 Zm co = 0. □ 



Lemma 3.4 The operator Ax M is nonnegative in the sense that the integral 

I eAAx M e 

JdM 

is nonnegative for any 6 G £2^(3M). 

Proof: For given 9, let oo G &g( m ) be a solution to the bvp (3.4). Then it follows from (1.6) that 
= (Ax M a, co) = (dx M oo, d^oo) + (8 Xm oo, 8 Zm co) - / fco A f (*d* M co) 

JdM 



whence 



f 6AAx M e=||d ZM ( O || 2 +||8x Af (o|| 2 >0. (3.5) 

JdM 



□ 

Lemma 3.5 

kerA ZM = RanA ZM = i*Hx M (M) 

where Ux m = U\ m ®U Xm 

Proof: We first prove that kerA Xjlf = i*Ux M {M). If 6 = i*X G i*Hx M (M) for X G Ux M {M), then X 
is a solution to the BVP (3.4). But dx^ = §x M h = 0, therefore Ax M 9 = i*(*dx M h) = 0. Conversely, if 
6 G ker Ax M and X is a solution to the BVP (3.4) then = i*X and equation (3.5) implies that dx^ = 
5 Xm X = 0. i.e. 6 = fk G i*Hx M (M) . Hence, ker A Xm = f^ M (M) . 
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Now, to prove RanAx M = i*7ix M (M), suppose (j) G RanA^ M then (j) = Ax M B where = i*X such 
that X is a solution of the BVP (3.4). But, d Xu X G 7ix M (M) (Lemma 3.3) then *dx M X G Hx M {M) too. 
Hence, = A Xm = ?*(*^ M X) G i*Hx M (M). Conversely, let = i*X G i*%x M {M), i.e. X G ftx M (M). 
Applying, the Xyvf-Friedrichs Decomposition Theorem (1.4), we can decompose *X as 

★X = dx M a + X N G / H Xm ,n(M)®'Hx m M m )- (3-6) 
Remark 2.10 asserts that go can be chosen such that 

A Xm co = 0, 8 XAf co = 



which implies that 

We can obtain from eq. (3.6) that 



Ax M i*(0 = i*(-kdx M (o). 



i*(*d XM 0)) = ±i*l. 

Comparing the last two equation with (j) = i*X, we obtain (j) = Ax M (±i*eo) G RanAx M . 

□ 

Corollary 3.6 The operator Ax M satisfies the following relations: 

A Xm 6 Xm =0, dx M A XM =0, A| M = 0. (3.7) 

PROOF: The first relation of (3.7) means that any form in the space £x M (3M) is the trace of an 
^M-harmonic field which is true by £x M (dM) C fHx M (M) = kerAx M (Lemmas 2.9 and 3.5) while the 
second and third of equalities (3.7) follow from Lemma 3.5. □ 



Corollary 3.7 The operator dx M A^ M : i*%x M (M) — > i*Hx M (M) is well-defined, i.e. the equation 
(j) = Ax M B has a solution Bfor any (]) G i*Hx M (M), and dx M B is uniquely determined by § = Ax M B. In 
particular, the operator dx M A^dx M '■ Hg(3M) — > D.c(dM) is well-defined. 

PROOF: Lemma 3.5 proves that RanAx M = i*Hx M (M). Hence, if G i*Hx M ( M ) tnen tne equation 
(j) = A Xm B is solvable. If A Xm Q\ = A Xm Q 2 then 0i — 02 G ker A x „ is X M -closed (i.e. d x „ (0i - 2 ) = 0) 
because kerA^ M = i*Hx M {M). Thus, dx M 0i = dx M 02 which means that dx M Q is uniquely determined 
by <C = Ax M Q- Clearly, the operator dx M A^dx M is well-defined because we have shown in lemma 2.9 
that ^(BM) Ci*Hx M (M). " □ 

4 Ax M operator, XM-cohomology and equivariant cohomology 

In the following theorem which is the analogues of theorem 1.2, we relate the dim(H x z M (M)) with the 
kernel of Ax M as follows: 

Theorem 4.1 Let A% M be the restriction ofX M -DN operator to Q.^(dM). Then 6^ M (dM) C ker A^ m 
and 

dim[kerA| M /^ M (3M)] < min{dim(tf±jaM)),dim(tf± (M))} 
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PROOF: We can apply the X^-Hodge-Moirey decomposition theorem (1.2) (or theorem 2.5 of [1]) 
for dM which asserts that the direct sum of the first and third subspaces is equal to the subspace of 
all X M -closed invariant differential ±-forms (that is, kerdx M )- Hence, this fact together with eq.(3.7) 
implies that 

££ M @M) CkerA| M CH± M (dM)®£± M (dM). 

This implies 

dim[kerA| M /^ M (dM)] < dimHf M (3M) = dim(H^(dM)). 
By Lemmas 2.9 and 3.5, 

kerA| M = ^ M (3M) + fH| M!iV (M). 

Thus, 

dim[kerA| M /£:| M (dM)] < dim(i*H± M}N (M)) = Aim(H^(M)). 

Therefore 

dim[kerA| M /£:| M (aM)] < min{dim(//± M (3M)),dim(//| M (M))} 
as required. □ 

In particular, corollary 4.4 of [1] asserts that if the set of zeros N(Xm) of the corresponding vector 
field Xm is equal to the fixed point set F for the G-action (i.e. N(Xm) = F) then dim(H x (M)) = 
rank//±(M) and dim(H± M (M ,dM)) = mnkH±(M,dM) where H±(M) and H±(M,dM) are abso- 
lute and relative equivariant cohomology respectively. The XM-Poincare-Lefschetz duality (Theorem 
3.16(c) of [1]) asserts that rank//^ (M) = rankfl^ - ^ (M,dM). Hence, we conclude the following 
corollary which relates the kernel of A Xm with the rank of the absolute and relative equivariant coho- 
mology. In fact, we can write down some lower bounds for that rank: 

Corollary 4.2 IfN(X M ) = F then we have 

dim[kerA| Af /£ , | Af (3M)] < min{rankH±(dM),rankH±(M)}. 

The following theorem is the analogues of theorem 4.2 of [6] (our theorem 1.1). 

Theorem 4.3 The Neumann XM-trace space i*7i x J^\M) can be completely determined from our 
boundary data (dM, A Xu ) m particular, 

(A* M " (Tl)" +1 dx M A^d XM )^(3M) = i*H n x -f(M) (4.1) 

Proof: We need first to prove that 

(A Xm - ( T l) n+1 d XM A x ^ XM )^(dM) C i*H n x ^\M) 

Suppose 8 G Qq(3M), let oo G &%(M) be a solution to the BVP (3.4). Lemma (3.3) proves that 
d XM iO G 1i XM (M). Applying the XM-Friedrichs decomposition to 6 Xm (0, we get 

dx M (0 = 8 XM a + X D G n M _ co (M)®n^ D (M) (4.2) 

where a G Qq(M) and by remark 2.10, a can be chosen such that 

d XM a = 0, A XM a = (4.3) 
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we set P = *oc € Q. n G ± (M). Hence, eq.(4.3) implies 

5 Zm P = 0, A Xm P = (4.4) 
substituting a = (±1)" +1 *P into eq.(4.2), we have 

d XM co=(±l)' t+1 8x Af *P + X D (4.5) 

which implies 

f(dx M (0) = (±ir +1 r(5x M *P). (4.6) 

But, 

i*{d XM ®)=dx M {i*a)=dx M Q 

and 

8^*p = T (-ir*d^p 

thus, eq.(4.6) turns into 

d XM e = -(Tl)V(*dz M P) (4.7) 

Formulas (4.4) and (4.7) mean that 

rfx M e = -(Tl)"Ax M ;*p. (4.8) 
Now, applying, ( /** ) to eq.(4.5) with the fact that A Xm Q = i*(*d XM (£>), we get 

A Xm Q = (±l) B+1 r (*S* M *p) + f (4.9) 
Using the relation *8x M *P = (±l)"dx M P, then eq.(4.9) reduces to 

Ax M 6 = ±d XM {f P) + i* (*A, D ) (4.10) 

we can obtain from eq.(4.8) that 

d^(rp) = -(=Fi) B ^A^e 

Putting the latter equation in eq.(4.10), we get 

f(*\ D ) = (A Xm - (Tl)" +1 dx M A^d XM )6. 

Hence, (A Xm - ( T l)" +1 d XM A^d XM )6 € i* H^^(M). 
The next step is then to prove the converse, i.e. 

m^ffm c (a Xm - ( T i)" +1 d XM A^d XM )ng(3M) 

Given € H Xm ^ (Af), then corollary 2.4 asserts that has the following representation 

^ = dx M « + 5x M P G ^ X (M) +^ (M) (4.11) 
and also by remark 2.10, a and [3 can be chosen respectively to satisfy 

5a = 0, A Xm oc = (4.12) 
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and 

d XM P = 0, A Xm [3 = (4.13) 

We set up the transformations 

a> = -(±l) B *P, £ = -(Tl)" +1 a 

Then eqs.(4.12)-(4.13) turn into 

5(0 = 0, A Xm ® = (4.14) 
8 XM e = 0, A Xm £ = (4.15) 

and eq.(4.11) implies 

X w = *d XM (o-(Tir +1 dx M e (4.16) 

hence, 

*k N = -(Tl) M+1 (*dx M e-dz M (0). (4.17) 
We can define forms G ClcfiM) by setting 

^) = j*co, \|/ = i*e (4.18) 

Restricting eq.(4.16) to the boundary and using the fact that i* *dx M G> = Ax M §, we obtain 

i*^ = A Xm <\> - ( T l) n+l d XM i*e (4.19) 

Restricting eq.(4.17) to the boundary 

i*(*d^e) = d^(i*(D) (4.20) 

but i*(*dx M £) = Ax M \|/ because of eq.(4.15) and the second of equality (4.18). Hence, eq.(4.20) turns 
to 

A XM y = d XM $ (4.21) 
Now, we can eliminate the form \|/ from eq.(4.19) and eq.(4.21) and we can obtain that 

= (Ax M - (Tl)" +1 dx M A z > M H 

Hence, i*X N G (A Xm - (Tl) n+l dx M A^d XM )^(dM). □ 

5 Xm- Hilbert transform 

In this section, we introduce the Xm- Hilbert transform which will be used in section 6. We begin with 
the following definition. 

Definition 5.1 (X M - Hilbert transform) The X M - Hilbert transform is the operator 

T Xm = dx M A x ^ : i*U± M (M) — > f ft£ (±) (M). 

T Xm is a well-defined operator by corollary 3.7 and the restriction of T Xm to X M -e\act boundary forms 
S± M (dM)Ci*H± M (M) satisfies 

r XAf :^(3M)^^ (±) (3M). 
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Lemma 5.2 The X M - Hilbert transform maps i*T~tx M ,N( M ) to FWxJff \ M )- 
Proof: Let (p G z'*%x MiA r(M) tnen theorem 4.3 implies that 

9=(Ax M -(±ir +1 dx M A x > M )6 
for some 8 G Q n ~W(3M). Hence, it follows that 

?i M cp = d XAf A^(A XM -(±ir +1 d XM A x jd XM )0 

= (d* M -(±ir + VA x > M A x > M )e 

= (A XM -(±ir +1 d XAf A^d XM )A^dz M e 
= (A XM -(±l)" +1 d XAf A^d XM )A^d ZM 

but A^dx M (B) G ilg(9M). Thus, by theorem (4.3) we find that the right hand side of the latter formula 
must belong to i*H x ~^ } (M) . □ 

6 Recovering XM-cohomology from the boundary data (dM, Ax M ) 

In this section we pose two questions where in subsection 6. 1 we present our answer to the following 
first question: 

"Can the additive structure of the real absolute and relative XM-cohomology be completely recov- 
ered from the boundary data (dM,Ax M )?." The answer is affirmative and more precisely, we show 
that the data (dM,Ax M ) determines the long exact sequence of XM-cohomology of the topological pair 
(M,dM). 

While in subsection 6.2, we present a partial answer to the following second question: 
"Can the ring (i.e. multiplicative) structure of the real absolute and relative XM-cohomology be 
completely recovered from the boundary data (dM,Ax M )?" 

6.1 Recovering the additive real XM-cohomology. 

Since the vector field Xm which we are considering is always tangent to the boundary dM then we can 
still define Xw-cohomology on dM, i.e. H^idM). Hence, from our definitions of the absolute and 
relative Xw-cohomology [1], we can set up the following exact Xw-cohomology sequence of the pair 
(M,dM) as follows: 

... H% M (M, dM) -HL> H± M (M) H± u {dM) + H^(M,dM) ... 

(6.1) 

where 

1- j*[w](x M ,M) = [j*ro](x Ml 3M), V[co] (Xm;M) eH± M (M). 

2 - P* N (x M ,Mm = M (x M M) , V [CO] (Xu M.dM) € H± M (M, dM) . In fact, the operator p * is induced 
by the embedding of pairs p : (M,0) C (M,dM). p* is well-defined. 

3 - n*[co] (WM) = [dx M a] ( x„,M,3M), V[(0] (Xm;3m) G H^ M (dM), where a G H±(M) is any exten- 
sion of co G Qg(dM) to M, i.e. i*a = CO. Since dx M and i* commute, then [dx M ®](x M .M.dM) G 
H^ m (M, dM). The form dx M cx is certainly X^-exact, but is not in general relatively Xw-exact, 
i.e. i*a / 0. 



15 



Sequence (6.1) is exact in the sense that at each stage the image of the incoming homomorphism is 
the kernel of the outgoing one. 

Now, to answer the above first question, we use theorem 4.3 which shows that we can determine 
the space i*T-Lx M n(M) from our boundary data and corollary 2.6 which gives us the isomorphisms / 
and h. 

So, if the boundary data (dM, Ax M ) is given then we can construct the sequence 



->■ ... 

(6.2) 

where we define the operators of sequence (6.2) by the following formulas: 

1. i 8 = [6] (x M ,dM), V8 G i*T-tx M ,N- ie - & = '* (0 where ro G 7~Lx m N , then 6 is X M -closed because 
/* and dx M commute. 

2. Using Lemma 5.2, then we set 

p*e = -(±i)' l+1 r XM e, veefT/j;^ 

3. Based on theorem 4.3, then A Xm B = (A Xm - (Tl)' ,+1 dx M A x jd XAf )0 if [Q] { x M ,dM) G #x M (3M). 
Hence, we set 

r [e] ( z M ,3M) = (Ti)" +1 Ax M e, v e [e] (XM , 3M) e ^ m (3m). 

More concretely, our goal is then to recover sequence (6.1) from sequence (6.2). It means that we 
should prove that the following diagram (6.3) is commutative diagram. 



■+ i*n n xS\M) i*Hl_ N (M) H£ M (dM) ^-^ i*n x - u f{M) 

f 



h 



"> Hi M (M,dM) H £ M (M) tf| M (3M) Hl(M,dM) 



(6.3) 

where t is the identity operator. But, one can prove the commutativity of the diagram (6.3) by a 
method similar to that given in [6] but in terms of our operators above. 

Actually, the above construction proves that the data (dM,Ax M ) recovers sequence (6.1) of the 
pair (M,dM) up to an isomorphism (i.e. / and h are given in corollary 2.6) from the sequence (6.2). 
We therefore can state the following theorem. 

Theorem 6.1 The boundary data (dM,Ax M ) completely determines the additive real absolute and 
relative XM-cohomology structure by showing the diagram (6.3) is commutative and then 

H£ M (M) - (Ax M -(±l) n+l dx M A x ^x M )a n G {T) (dM) (6.4) 
H± M (M,dM) - (A XM -(±\r +l dx M A^dx M )^(dM) (6.5) 
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6.2 Recovering the ring structure of the real XM-cohomology. 

First of all, we consider the mixed cup product U between the absolute and relative Xyvf-cohomology 
as follows: 

D : H± (M) x H± M (M, dM) — > H± (M,dM) 

by setting 

V([a] m { x M ,M, d M))eH£ M (M)xH+ M (M,dM) 

it is easy to check that D is a well-defined map. In addition, corollary 3.17 of [1] asserts that any 
absolute and relative XM-cohomology classes contain a unique Neumann and Dirichlet ^M-harmonic 
field respectively. Hence, we can regard any absolute (relative) XM-cohomology class as a Neu- 
mann(Dirichlet) X M -harmonic field. But [a]^x M ,Mp[^](x M ,M,dM) = [ a A f3] (x M ,M,dM) is a relative X M - 
cohomology class, so there exists a unique Dirichlet X^-harmonic field r\ G 7-Lx M d(M) such that 

[ aA P](X M ,M,3M) = [ T l](X M ,M,aM)> i- e - 

a A p = ti + d Xl & G ^x M A M ) © £ U M )- ( 6 - 6 ) 
But, we can get from corollary 2.6 that 

H£ M (M,dM) ~ H» m (±) (M) ~ fU n XM { ±\M) 

According to our illustrations above we know that an absolute XM-cohomology class [ccW m ,m) £ 
H x M ( M ) and relative Z M -cohomology classes [$](x M ,M,dM),[ aA $](x M ,M,dM) & H^ M (M,dM) are rep- 
resented by the Neumann ^M-harmonic field a G T~(-x m n(^) an(1 tne Dirichlet ^M-harmonic fields 
P,r| G Hx M d(M) respectively, such that they correspond, respectively, to forms on the boundary by 
setting 

$ = i*aei*H± MtN (M), x V = i*^ei*H n x ^ ) (M), t> = i* *n e i*n n ^f(M) 

As alluded to before, our answer to the second question will only be partial, in the sense that 
we will not consider all the classes of the relative XM-cohomology. In fact, we will just consider the 
boundary subspace (which we denote by BH XM (M,dM) ) of H XM (M,dM). We define BH XM (M,dM) 
as follows: 

BH± M (M,dM) = {[d XM p] | p G Qg(M),f (d* M p) = 0} 

Actually, in sequence (6.1), our definition of the operator 71* represents the definition of the 
boundary subspace of H Xm (M,3M). More precisely, the image of H Xu (dM) inside H^ M {M,dM) 
represents the natural portion to interpret as coming from the boundary. But, we have proved that 
Hx m (M, dM) = H Xm d (M). Hence, on translation into the language of X^-harmonic fields, we can 
identify 

BH£ M (M,dM)^£H± Mfi (M) 
where £1i XMD {M) = {d ZM £ G %f M)D (M) | £ G &g( M )}- Clearly, Hodge star * gives 

c£n n x -%(M)=*£H± MjD (M) 

where c£U\~^ N {M) = {5 Xm X G ^ m ^( m ) I G ^g~ T ( m )}- Now ' us ing this fact together with corol- 
lary 2.6(2) we conclude that BH Xm (M, dM) ^ i* *£Hx MtD (M). 
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h (6.8) 



Now, we adapt Shonkwiler's map [16] but in terms of our operators in order to define the following 
map with notation as above 

<)Ox m¥ = A Xm (±<$ AA z », V(4>, V ) € fH^ N (M) x fH^fiM) (6.7) 

By using the same method as [16] but together with our definition 3.2 we deduce that Ux M is well- 
defined. 

So, our partial answer to the second question is that: restricting H% M (M, dM) to BH% M (M, dM) and 
then we recover the mixed cup product by showing the commutativity of the the following diagram. 

Theorem 6.2 The diagram 

H± M (M)xBH± M (M,dM) BH± M (M,dM) 

(f,h) 

i*n± M!N (M)x?*£H± M , D (M) i**£Uf MD {M) 
is commutative, where f and h are given in corollary 2.6. 

Proof: Our goal is then to show that V([a], [dx M Pi]) G H x z m (M) x BH^ M (M,dM) then 

(AoD)([a], [d x M = (U Xm o (f,h))([a],[d x M. (6.9) 

Using eq.(6.6), then the left-hand side gives 

h(U([a],[d x M) = h([aAdxM 

= A([d^(±aAPi)]) 

= h([d XM (±aAfr-m 

= i**r\ (6.10) 

while the right-hand side gives 

U ZM ((/([a]),M[d* M Pi]))) = U XM (i*a,t*dxM 

= Ax M (±^)AA x » (6.11) 

where (j) = i*a and \|/ = /* *dx M Pi- Now, we only need to show that eq.(6.10) and eq.(6.11) are equal. 

Putting, P = dx M Pi G £Hx M d(M) an d using the X^-Hodge-Moirey decomposition theorem (1.2), 
we infer that Pi can be chosen to solve the BVP 

A Xm v = 0, i*v = ?*pi , i*8x M v = 0. 

Hence, 

\|/ = i**dx M pi =Ax M fpi. 
Therefore, A^\|/ = /*Pi. But from eq.(6.6) we get that 

T] = dx M i]'e£H± mD (M) 

where r)' = ±oc A Pi — Applying the X^-Hodge-Moirey decomposition theorem (1.2) on r\', we 
infer that 

n = d x M -n' = d XM a 
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such that a solves the bvp 

Ax M e = 0, i*e = i*a, i*d XM e = 0. 

Hence, 

Ax M i*a = i**dx M o = i* *r\ (6.12) 

Since r\' = iccAPi implies 

d XM (±aAp\) = dx M n' + d XM ^ 

= d XM o + dxX (6.13) 

Equation (6.13) shows that the class [±ocAp\ -c-£] G H^ M (M), so the form ±ocAp\ -G-£, can be 
decomposed as 

±<x A Pi - c - % = d XM Xi + T 2 G (M) e (M) . 
Now, restricting the latter equation to the boundary and using Lemma 3.5, this implies that 

A XM i* (±a A pi - a - £) = A Xm i'*t 2 = 0. 

Combining this with equation (6.12) gives that 

Ax M f(±ccApi) = A^i*(±a A Pi -o-^ + o + y 
= Ax M f(±aApi-c-£) + A ZM fc 
A Xm (±^)AA,» = i**Ti (6.14) 

Hence, the diagram (6.8) is commutative as desired. □ 

We can restate theorem 6.2 in the language of our boundary data (dM, Ax M ) to be as follows: 

Theorem 6.3 The boundary data (dM,Ax M ) completely determines the mixed cup product structure 
of the XM-cohomology when the relative XM-cohomology classes comes from the boundary subspace. 
i.e. if (a, (3) G n^ N (M) © £H± mD (M) such that a A p = r\ + d x J, G U^ D {M) © £± u {M) then 

<'**il = Ax M (±4>AA x » 

where <|> = i*a and \|/ = /* ★ p\ 

7 Conclusions 

1- The key which uses to recover the free part of the relative and absolute equivariant cohomol- 
ogy groups (i.e. Hq(M) and H^(M ,dM)) from our boundary data (dM,Ax M ) is the following 
theorem which has been proved in [1] based on Atiyah and Bott's localization theorem: 

Theorem 7.1 ([1]) Let {X\, . . . ,Xf} be a basis of the Lie algebra q and {u\,. . . ,ug} the corre- 
sponding coordinates and let X = Y*j s jXj G 0- If the set of zeros N(Xm) of the corresponding 
vector field Xm is equal to the fixed point set F for the G-action then 

H± m (M, dM)^H^(M,dM)/m x H^(M,dM)=H ± (F,dF), (7.1) 

and 

H£ M (M) * H±(M)/m x H±(M) * ff±(F) (7.2) 
where mx = (u\ — s\ ,U[ — si) is the ideal of polynomials vanishing at X. 
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Now, combining the above theorem with theorem 6.1, we get 



Theorem 7.2 With the hypotheses of the theorem 7.1, 

H±(M,dM)/m x H±(M,dM) ^H±(F,dF) = (A Xm - (±\) n+l d XM A x ^ XM )^(dM) 

and 

H±(M)/m x H±(M)^H±(F) - (A Xm - (±iy +i d XM A x ld XM )& n G ^(dM) 

since the Neumann X^-harmonic fields are uniquely determined by their Neumann Xm- trace 
spaces (corollary 2.6) which can be completely determined by our boundary data (dM, Ax M )(theorem 
4.3), this means that we can conclude from theorem 6.1 and theorem 7.2 that we can realize the 
relative and absolute XM-cohomology groups and the free part of the relative and absolute equiv- 
ariant cohomology groups as particular subspaces of invariant differential forms on dM and they 
are not just determined abstractly from our boundary data. 

2- If N(Xm) = F then we can apply Belishev and Sharafutdinov's results [6] (our theorem 1.1) to 
the manifolds F with boundary dF where G acts trivially on F and then we use theorem 7.2 to 
exploit the connection between Belishev and Sharafutdinov's boundary data on dF (i.e. (dF, A)) 
and ours on dM (i.e. (BM,A Xm )). More concretely, we have the following theorem 

Theorem 7.3 IfN{X M ) = F, then 

(A Xm - (Tl) n+l d XM A x l& XM )Q.%(dM) - (A- ( T l)" +1 dA- 1 d)Q ± (3F). 

3- Theorem 2.3 proves that our concrete realizations H Xm n (M) and H Xm d (M) of the absolute and 
relative XM-cohomology groups inside the space Qq (M) meet only at the origin which means 
that we can conclude the sum T~L Xm n(M) + ~H Xm d(M) is a direct sum and by using (1.6), we 
can prove that the orthogonal complement of ~H Xu #(Af) + d(M) inside H Xm (M) is 

?Cex W n W| M;C0 (M) = ^ M , ex , co (M) 

Therefore, we can refine our ZM-Friedrichs Decomposition (1.3 and 1.4) into 

n%(M) = (H± M}N (M) + U^ d (M)) 0H| M)eXjCO (M). 

Consequently, we can refine the XM-Hodge-Morrey-Friedrichs decompositions (1.5) into the 
following five terms decomposition: 

a a( M ) = Zx m (M)@C± m (M) © (n^ N (M) +H| M)D (M)) @U^ C0 (M). 

The idea of this conclusion follows from [8], see also [15] for details. 



Finally, it is worth considering the following important open problem: 

"Can the torsion part of the absolute and relative equivariant cohomology groups be completely 
recovered from our boundary data (6M,A Xm )?." 

Answering this open problem will indeed complete the picture of our boundary data (dM, A Xm ) to 
be adding into the list of objects of equivariant cohomology story and consequently to the objects of 
algebraic topology. 
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